Abstract. We use a notion of chord diagrams to de ne their representations in Gauss diagrams of plane curves. This enables us to obtain invariants of generic plane and spherical curves curves in a systematic way via Gauss diagrams. We de ne a notion of invariants of nite degree and prove that any Gauss diagram invariants are of nite degree. In this way we obtain elementary combinatorial formulas for the degree 1 invariants J and St of generic plane curves introduced by Arnold 1] and for the similar invariants J S and St S of spherical curves. These formulas allow a systematic study and an easy computation of the invariants and enable one to answer several questions stated by Arnold. By a minor modi cation of this technique we obtain similar expressions for the generalization of the invariants J and St to the case of Legendrian fronts. Di erent generalizations of the invariants and their relations to Vassiliev knot invariants are discussed.
Introduction
Recent fundamental papers 1], 2] of V.I. Arnold attracted attention to the new aspects of a well-known "old-fashioned" topological object-to the theory of plane curves. Arnold studies the discriminant of singular curves in the space of immersions of an oriented circle into the plane. The consideraton of three di erent strata of this discriminant enables Arnold to introduce three new basic invariants J + , J ? and St of generic plane curves. Renormalized versions of J and St turn out 2] to be invariants of spherical curves.
The invariants J and St were introduced by Arnold axiomatically via their values on some standard curves and their jumps under di erent deformations of a curve. Some interesting explicit formulas for these invariants were obtained by several authors, see e.g. F. Aicardi 3] , A.Shumakovitch 10], O. Viro 13] . Nevertheless, these expressions are rather complicated and treat the invariants J and St separately and in quite di erent ways, missing a unifying and systematical approach.
Similar St-type invariants of multi-component curves were introduced earlier by V. Vassiliev in 12] under the name of indices of ornaments. However, their present description and way of study is rather di erent from the one-component case and technique for joint treatment of both one-and multi-component St-type invariants (needed for better understanding of their relations) seems to be missing.
MICHAEL POLYAK
A natural generalization of the invariants J to the case of Legendrian fronts (i.e. to cooriented curves with cusps) was obtained by Arnold 2] who observed a far-going relation of the theory of plane curves without direct self-tangencies to Legendrian knots. This direction was developed and used later e.g. in 4], 5], 8]. The invariant St was generalized to Legendrian fronts independently by Aicardi ( 3] ), who introduced it axiomatically, and by the author ( 7] ) via explicit formulas explained in this paper.
Higher degree J + -type invariants were studied in 5] by translating the problem to the language of Legendrian knots and studying the appropriate Vassiliev knot invariants. This technique though does not extend to the treatment of St-type or mixed type invariants of higher degree. To the best of our knowledge, no study of such invariants was done (and even the de nition of the invariants of nite type seems to be missing).
Apart from the relation of J + -theory to Legendrian knots, some other, at present almost non-related, but highly suggestive relations between Arnold's invariants and knot theory were observed, see e.g. 7] , 11], 6]. The search of new relations and their better understanding is of a serious importance for both knot theory and theory of plane curves.
This paper is an extended version of our earlier preprint 7] . We propose here an elementary combinatorial way to produce and study di erent numerical nitetype invariants of curves on surfaces in a systematical and uni ed manner. Our technique is well-suited for both one-and multi-component curves and allows a parallel treatment of these cases. The invariants are de ned in terms of a simple combinatorial invariant of a curve { its Gauss diagram. Gauss diagram of a curve present a natural rich source of invariants. Indeed, it encodes all the information about the curve in an elementary fashion: it is a complete invariant in the spherical case (and, taken together with the index, is a complete invariant in the planar case). Moreover, from an abstract diagram one can recover a curve on the surface of minimal genus in an esentially unique manner (up to homeomorphisms of the surface). In our approach we count, with some signs and coe cients, the number of di erent subdiagrams of Gauss diagram. We de ne the notion of nite-degree invariants of curves and prove a fundamental fact that any such Gauss diagram invariants are of nite degree. The upper bound for the degree is shown to be half of the maximal number of chords in the corresponding Gauss subdiagrams.
In particular, order 1 invariants J and St are obtained by counting an appropriate 2-chord subdiagrams. Vassiliev's indices of ornaments are obtained in a similar way by counting of the 2-chord subdiagrams for multi-component Gauss diagrams. Our approach allows an easy computation of the invariants and enables one to answer several questions of Arnold, e.g. about minimal and maximal values of St and its relation with J , as well as about the existence of additive non-local invariants. The formulas become even simpler for spherical curves.
Our technique has an immediategeneralization to invariants of Legendrian fronts. We present Gauss diagram formulas for the invariants J of fronts in Section 7.5. In the same fashion we introduce, in an explicit combinatorial way, an invariant St 0 of Legendrian fronts generalizing the invariant St of plane curves. We then show that the invariants J and St of fronts can actually be expressed via the corresponding invariants of curves. This is done by averaging the values of the invariants on curves obtained by di erent resolutions of cusps.
Motivated by a striking similarity of our formulas to the expressions obtained in 9] for low-degree Vassiliev knot invariants, we establish various relations of the nite-degree invariants of curves to the Vassiliev knot invariants. We illustrate these relations on the example of the Vassiliev invariant of degree 2. One of our constructions relate it to J ? and St (soon after our preprint 7] appeared, a similar result was obtained in a di erent setting by Lin and Wang 6]), while another leads to a new additive invariant of curves of degree 2.
In this note we restrict ourselves to the case of plane and spherical curves, though in general our technique may be applied to curves on any (oriented) surface. Similar invariants of curves on other surfaces will be studied elsewhere.
The paper is organized in the following way. In Section 2 we recall the basic facts aboout the invariants J , St and i 123 of planar and spherical curves followiing 1] and 12]. Section 3 is devoted to chord diagrams and their representations in Gauss diagrams. The explicit formulas for J , St and i 123 and their di erent corollaries, including the estimates for St conjectured by Arnold, are stated in Section 4. The de nition of nite-degree invariants of curves and proof of the fundamental fact that any Gauss diagram invariants are of nite type (with an explicit bound for the degree) are considered in Section 5. In the same section we answer a queston of Arnold about the existence of additive non-local invariants by using our technique to generate examples. In Section 6 we establish various relations of nite-order invariants of curves to Vassiliev knot invariants. The generalization of our formulas to J invariants of fronts is given in Section 7. Along the same lines we introduce the generalization of St to fronts, thus proving, in particular, its existence. We then express the invariants J and St of fronts via the corresponding invariants of curves.
I am grateful to O. Viro for getting me interested in this subject and for numerous fruitful conversations. In the case of multi-component curves the discriminant can be subdivided depending on whether the tangency or triple point belong to the same or di erent components. In what follows, in the multi-component case we restrict ourselves to the study of stratum D i . This (open) stratum consists of generic immersions with one triple point where all three intersecting branches belong to di erent components of ?. The coorientation of the stratum D i for multi-component curves was de ned by Vassiliev 12] . we move it through a double point, the sign changes to the opposite (Fig 5) . Signs also change if we reverse the orientation of the curve.
Remark 3.2. The same information about the curve can of course be encoded without this ambiguity in the choice of base point and orientation by means of arrows: one can orient the chords of Gauss diagram so that the frame of outgoing branches (beginning of arrow, end of arrow) orient the plane positively. All the formulas for the invariants may be rewritten in this way, though unfortunately this leads to much bulkier expressions. This was one of the reasons that determined our choice. Another reason is that the setup with signs ts better in the underlying interpretation of the invariants as of relative degrees of some maps, which was our starting point. We are planning to address this question elsewhere.
Chord diagrams and their representations. A (based, generic) chord
diagram is an oriented circle with a base point and several chords endowed with multiplicities 1 or 2 and having distinct endpoints. By a degree of a chord diagram we mean a sum of multiplicities of its chords. Further we consider chord diagrams up to isomorphism (i.e. orientation-preserving homeomorphismof the circle mapping a basepoint to a basepoint and chords of one diagram to chords of another preserving multiplicities). We will depict multiplicity 2 of a chord by thickening it. Gauss diagram is a complete invariant of sherical curves, it is natural to expect that the invariants obtained in this way (we will call them Gauss diagram invariants)
give an extensive class of elementary numerical invariants of curves. We start from the study of these invariants (we will call them Gauss diagram invariants) in the simplest cases, i.e. for low degrees of A. As we will see below, the invariant of degree 1 is well-known. Moreover, in Section 4 we show that J , St can be realized as Gauss diagram invariants of degree 2. The general case of degree m invariants is considered in Section 5. 
since it is well known, that w(x) = ind(x) ? ind(?), where ind(?) is the index of ? and ind(x) is the index of the base point (de ned as the number of half-twists of the vector connecting x to a point moving along the curve from x to itself or, alternatively, the sum of indices of two regions adjacent to x). It is easy to observe that hA 2 ; G ? i is the intersection index of two components of ? (hence equals 0). We will use this simple, but important, fact in future. 2 4
In particular, the expressions in the right hand side are independent of the choice of base point.
Proof. Changes of Gauss diagrams under positive direct self-tangency, inverse selftangency and one of the cases (others are similar) of the triple point perestroikas are depicted in 4) 4.5. Extremal values of St. Consider the curves C n;k and A n;k , n; k 0 with n double points and ind = (n + 1 ? 2k) depicted in Fig 9 with the corresponding Gauss diagrams.
It was conjectured by Arnold and proved later in 10], that minimal and maximal values St min (n; k), St max (n; k) of St in the class of curves with n double points and index ind = (n + 1 ? 2k) are attained on the curves C n;k and A n;k respectively.
We readily obtain a simple proof of this fact.
of St in the class of curves with xed number of double points and xed index are attained on the curves C n;k and A n;k respectively.
Proof. Consider any curve ? n;k with n double points and index (n + 1 ? 2k); choose a base point x on the exterior contour and an orientation of ? n;k so that ind(x) = 1. Then by (1) 
Invariants of finite degree and Gauss diagram invariants
5.1. Invariants of nite degree. Arnold 1] , 2] de nes the invariants of genric plane curves of degree one. We de ne the invariants of nite degree for generic curves in a more general way following the approach of Vassiliev for knot invariants.
The degree is de ned as follows. Due to the existence of natural coorientation of the discriminant strata any invariant of generic plane curves may be extended inductively to singular curves with m (m = 1; 2; : : :) self-tangency or triple point singularities by resolving each singular point (similarly to the case of Vassiliev knot invariants) in two ways and taking the di erence of values of the invariant on the curves with the positively and negatively resolved singularity. An invariant of plane curves is said to be of degree less or equal m, if it vanishes on any singular curve with at least m + 1 self-tangency or triple points. Of course a more re ned notion of degree may be introduced by the consideration of degrees relative to the strata of direct or inverse self-tangencies and triple points separately.
The local inariants (thus J and St) remain of order 1 in our sense. In addition, though, there are in nitely many non-local invariants of order 1. For J + -theory they include the coe cients of the Assume now that there is no triple point as above. In this case there must be a pair of chords in G corresponding to a resolved (say, j-th) self-tangency point such that no more than one of its chords appear in (A). Indeed, otherwise in each resolved triple point and self-tangency point at least two chords appear in (A), which contradicts to n > m 2 ]. We proceed with an argument similar to the above for this self-tangency point. If none of the two chords corresponding to j-th self-tangency appear in (A), we consider a curve ? 0 obtained from ? by the j-th self-tangency perestroika. Notice again that there is a representation 0 of A into G 0 which coincides with everywhere so the contributions of and 0 into I(?) cancel out as above.
If exactly one of the two chords corresponding to j-th self-tangency appear in (A), then there is a representation 0 of A into G obtained from by changing this chord to the second one. But these two chords have opposite signs (see e.g. Fig 7) , thus once again the contributions of and 0 into I(?) cancel out. these objects. Indeed, di erent simple relations between nite-degree invariants of curves and knots can be established and give a natural way to generate invariants of curves from knot invariants.
6.1. From curves to knots. A simple method to obtain nite-degree invariants of plane curves from any Vassiliev knot invariant V m of degree m is by constructing a knot (or a collection of knots) from a plane curve and computing the value of V m on this knot. There are di erent ways to construct a knot starting from a plane curve.
One of them is to lift a plane curve (or, more generally, a front, see Section 6) to the corresponding Legendrian knot as explained below in Section 6. The method discussed above leads in this case to J + -theory, i.e. to invariants vanishing on any singular curve with triple points or inverse self-tangencies and having a degree less or equal to n on the stratum of direct self-tangencies. The results of 5] imply that all the invariants of J + -theory may be obtained from Vassiliev knot invariants by this method.
Another way is to consider a (generic) plane curve as a singular knot ? R 2 R 3 with n self-intersections and to resolve the self-intersections in some speci c way. We investigate this possibility below, showing in particular that the expression J + + 2St (which appeared before in (3)) is closely related to a Vassiliev knot invariant of degree 2.
6.2. Weighted resolutions of self-intersections. Consider ? as a singular knot and choose an ordering 1; 2; : : :n of its self-intersections. Let = ( 1 ; 2 ; : : : n ) be an n-tuple i = 1 (i = 1; 2; : : :n); let s( ) be the number of ?1's in . Denote by ? a knot obtained from ? by resolving i-th self-intersection, i = 1; 2; : : :n, in a positive way if i = +1 and in a negative way otherwise, see Fig 11. Let V m be a Vassiliev knot invariant of degree less or equal to m. One may recursively de ne V m for singular knots by the rule depicted in Fig 12a. Resolving all the singularities of ? in this way one obtains an alternating sum V m (?) = on ). Such weighted resolutions lead in general to new non-trivial invariants of curves of nite degree. We consider below two simplest cases of this procedure: the averaged resolution (where all the resolutions are counted with the same weights) and the positive one (where the negative resolutions of self-crossings are counted with 0 weight). We also study in details the invariants of lowest order obtained in this way. 7. Invariants of Legendrian fronts 7.1. Legendrian knots and fronts. As was shown by Arnold, invariants J of generic plane curves may be generalized to generic (cooriented) curves with cusp singularities, i.e. to fronts of Legendrian knots. We will brie y remind in this subsection some basic results and de nitions which will be needed further. Detailed treatment can be found in 2].
Recall that a contact element in a point of the xy-plane R 2 is a linear subspace of codimension 1 (i.e. a line) in the tangent plane. Its coorientation is a choice of one of the half-planes into which it divides the tangent plane. Since a contact element in a point is de ned by its angle , the manifold M = ST R 2 of all (cooriented) contact elements of the plane is a trivial circle bundle over the plane: M = R 2 S 1 .
The natural contact structure of M is the eld of hyperplanes de ned as zeroes of the di erential 1-form cos( )dx+sin( )dy. The hypersurface of non-generic Legendrian fronts has a more complicated structure. In addition to the strata corresponding to self-tangencies and triple points, it has two new strata corresponding to cusp crossings and cusps births, see Fig 13 . Self-tangencies can be split into two types: we call a self-tangency dangerous, if both tangent branches of the curve are cooriented by the same half-plane, and safe otherwise. As shown in 2], the stratum of discriminant corresponding to Legendrian fronts with dangerous self-tangencies has a natural coorientation. Namely, the positive side of the hypersurface of dangerous self-tangencies is the one where the fronts have more double points if the self-tangency is direct and less double points if it is inverse, as illustrated in Fig 14. The space of Legendrian fronts of xed index ad Maslov index is connected (e.g. 1]), so any local additive invariant is uniquely de ned by its jumps under di erent types of perestroikas and its values on some standard Legendrian fronts of index i and Maslov index 2k. We will work only with the invariants independent on the orientation and coorientation of fronts, so we take standard fronts K i;k , i; k = 0; 1; 2 : : : depicted in Fig 15 without specifying their (co-) Property 7.7. St 0 increases (decreases) by 1 2 under a cusp crossing perestroika shown in Fig 18a (Fig 18b respectively) . 
